ABSTRACT The radio map built during the offline phase of any WiFi fingerprint-based localization system usually scales with the number of WiFi access points (APs) that can be detected at a single location by any mobile device, but this number in practice can be as large as 100, only a few of which essentially contribute to localization. Simply involving all the APs in location fingerprints and thus in the radio map not only wastes excessive storage but also leads to a large computational overhead. In this paper, a theoretical analysis of WiFi-based location determination is conducted to investigate the resulting localization errors and reveals that some critical APs contribute significantly more to localization than the others, implying that it is unnecessary to include every AP in localization. Consequently, a heuristic AP selection algorithm based on the error analysis is proposed to efficiently select a subset of APs for use in localization. Finally, extensive experiments are carried out by using both the UJI dataset available online and the dataset collected in our laboratory, and it is shown that the proposed algorithm not only significantly reduces the redundancy of APs in WiFi fingerprint-based localization but also substantially improves the localization accuracy of the k nearest neighbor (KNN) method.
I. INTRODUCTION
Though GPS is the most well-known and widely used localization technique [1] , it cannot be directly applied in indoor environments where GPS signals are blocked by walls, ceilings, and etc. With the widespread WiFi (or IEEE 802.11) infrastructures and WiFi enabled mobile devices in our daily life, it is promising and attractive to develop and deploy indoor localization systems based on WiFi. Hence, great efforts have been invested in the past decades to enable reliable and precise indoor positioning and navigation [2] - [6] . Due to its simplicity and tolerance to pervasive multipath effects in indoor environments, the WiFi fingerprint-based method has gained most attention in both academic and industrial fields [7] - [12] .
Basically, the fingerprint-based method involves two steps. In the first step, a radio map consisting of a number of
The associate editor coordinating the review of this manuscript and approving it for publication was Giovanni Pau.
fingerprints labeled with respective reference points (i.e. predefined locations) within a service space is constructed via an offline site survey. In the second step, when a mobile device sends an online location query containing its current received signal strength (RSS) measurements from multiple WiFi access points (APs), its location can be inferred according to the existing radio map through, e.g., the k nearest neighbor (KNN) method.
The fingerprint at each location is usually represented by the statistical attributes (e.g. mean, variance, and histogram) of associated RSS measurements from multiple APs [7] , so that building a radio map usually demands a laborintensive and time-consuming measurement campaign. Even worsely, the number of APs that can be detected at a single position in any nowadays commercial building often exceeds one hundred, leading to not only expensive storage costs but also high computational overheads and slow processing speeds. Therefore, it is of great value to improve the cost and time efficiency of radio maps.
To address this issue, great efforts have been invested on reducing the size of any radio map. The simplest approaches directly eliminate useless or less important APs in terms of localization based on various metrics and intuition [13] - [22] . Additionally, machine learning based approaches are able to extract low-dimensional key features from existing highdimensional fingerprints [23] - [26] . However, the existing approaches suffer from various limitations, including limited localization accuracy, computational overheads, and etc., such that there is still room for further improvement.
In this paper, we deal with the performance of a general WiFi based localization problem and formulate the Cramer-Rao lower bound (CRLB) to characterize the resulting localization errors. It is shown that the CRLB is inversely proportional to the number of the RSS measurements available from surrounding APs. Moreover, the RSS measurements from different APs contribute diversely to the localization according to their corresponding RSS gradients around the true location, inspiring us to propose a heuristic AP selection approach so as to shrink radio maps and benefit indoor localization systems. Finally, extensive experiments including the well-known UJI dataset [27] as well as the dataset collected in our lab are conducted to implement a WiFi fingerprint-based localization system, and a thorough performance analysis confirms the correctness of the CRLB model and the validity of the AP selection model in terms of computational overheads and localization errors.
The rest of the paper is organized as follows. Section II briefly reviews the literature in relation to performance analysis and dimension reduction of WiFi based localization. Section III establishes the theory of WiFi based localization performance and Section IV proposes the method of AP selection. In Section V, experimental results and performance evaluation are reported. We conclude this paper and shed light on future works in Section VI.
II. RELATED WORKS
In this section, we briefly review existing studies on the error analysis of WiFi fingerprinting-based localization, and then introduce the literature of dimension reduction for radio maps.
Due to the complexities of the indoor wireless signal propagation, it is challenging to characterize the performance of the WiFi based localization techniques. Most existing results about localization errors are obtained through experiments and simulations, and theoretical studies are quite limited. In [28] , a preliminary analytical model was developed for a localization system instance with simplified assumptions of signal propagation and system design. In [29] , a comparative study on indoor localization was reported with experiments, where the results are highly dependent on the environment and the device implementation. In [30] , a general but complicated probabilistic model was presented to assist in the performance analysis and further helps to design an optimal fingerprint reporting strategy. However, all the above studies cannot directly answer how WiFi-based localization errors are affected by different factors.
The studies on reducing the dimension of radio maps can be divided into three categories: the signal feature based approaches, the information theory based approaches and the machine learning based approaches.
In the signal feature based approaches, the earliest algorithm is MaxMean, which sorts the average RSS measurements from multiple APs at a fixed position in a decreasing order and selects the first say d APs for localization [13] . A similar algorithm was proposed in [14] , and defines the AP with the highest RSS measurement to be IAP, namely the important AP; then, the fingerprints with the same IAP are chosen at the localization stage to be used for determining the final location estimate. The method reported in [15] adopts the residuals ranking algorithm to select those APs least sensitive to the environmental changes in indoor location tracking. The group discriminant (GD)-based approach presented in [16] measures the positioning capabilities of each group of APs instead of ranking APs based on their individual importance, and further utilizes the risk function from support vector machines (SVMs) to estimate the GD value by maximizing the margin between reference locations.
In the information theory based approaches, the most wellknown algorithm is InfoGain, which utilizes information gain according to the average RSS measurements to examine the discriminability of different APs [17] . In [18] and [19] , the InfoGain algorithm was improved by considering the correlation between different APs. In [20] , an algorithm was proposed by implementing the KNN algorithm and Information Gain Theory to bridge the gap between the AP selection and positioning accuracy. The method presented in [21] combines information gain and mutual information entropy to decrease the computation cost. In [22] , in view of the mutual information between APs, a novel AP selection strategy that measures the collective discriminative ability among APs was reported.
In the machine learning based approaches, the first algorithm reported in [31] projects RSS measurements into a decorrelated signal space by e.g. Principal Component Analysis (PCA), with the result that both the localization accuracy and computational efficiency are improved because each component in the low-dimensional decorrelated space is the linear combination of all APs. An enhanced machine-learning indoor localization scheme presented in [24] incorporates AP selection and signal strength reconstruction to enhance robustness in noisy environments. Specifically, the proposed signal strength reconstruction scheme estimates/reconstructs the RSS measurements of the nonselected APs from those of the selected APs to increase the size of the feature space for enhanced noise robustness. Another enhanced machinelearning indoor localization method proposed in [25] adopts an appropriate nonlinear autoencoder to reduce the dimensionality of a radio map. In [26] , Kernel Principal Component VOLUME 7, 2019 Analysis (KPCA) was used to remove the data redundancy and maintain useful characteristics of RSS measurements in a nonlinear approach.
Among all these approaches, the signal feature based ones are most intuitive and simple, but only provide limited localization accuracy; the information theory based ones have solid theoretical foundations, and can provide relatively good localization performance; the machine learning based ones, though generally demonstrate best performance, essentially extract crucial features from fingerprints, which demands both online and offline processing and is computationally expensive.
In this paper, a theoretical analysis on the fundamentals of WiFi based localization is firstly conducted to provide an insight into localization errors and how they are influenced; on these grounds, a CRLB based AP selection approach is proposed for offline processing radio maps.
III. FUNDAMENTALS OF WiFi BASED LOCALIZATION
In this section, we firstly present the CRLB under a generic localization model based on WiFi RSS measurements, and then conduct a performance analysis to understand the influences of different factors.
Throughout this paper, we shall use the following mathematical notations: (·) T denotes transpose of a matrix or a vector; Tr(·) denotes the trace of a square matrix.
A. A GENERIC LOCALIZATION MODEL
As was commonly assumed [30] , the RSS measurements of WiFi signals propagated from n APs to a receiver at a position x, denoted y = [y 1 , y 2 , · · · , y n ] T , are independent and identically distributed with a Gaussian distribution, namely
where
T is a vector function containing the functions of mean RSS measurements at the position x = [x 1 , x 2 ] T from the n APs. The localization problem aims to infer the unknown position x given the corresponding vector of RSS measurements, i.e. y. Suppose that the RSS measurement model in (1) is known, and the localization problem can be solved through, e.g. the maximum likelihood estimator (MLE).
Define gradients r i =
Then, the likelihood function can be formulated as
and the Fisher information matrix (FIM) is
The inverse of the FIM, namely the Cramer-Rao lower bound (CRLB), is formulated as
where θ ij denotes the angle subtended by r i and r j .
FIGURE 1. The illustration of h ij associated with r i and r j .
As shown in Fig. 1 , the gradients r i and r j are illustrated by vectors, and h ij denotes the distance from one vertex of the vector r i to another vector r j . As such,h 2 i with i = 1, · · · , n actually represents the average squared distance associated with the gradient r i and all the other gradients r j with j = 1, · · · , n. Likewise,h 2 w represents the weighted average squared distanceh i among the gradients r i with i = 1, · · · , n.
B. PERFORMANCE ANALYSIS
According to (6) , it can be straightforwardly concluded that
• the localization error scales with the magnitude of the noises in the RSS measurements, namely σ 2 ;
• the localization error is inversely proportional to the number of RSS measurements, namely n;
• the localization error is inversely proportional to h 2 w , which is a complicated variable depending on all the gradients r i with i = 1, · · · , n;
• the localization error is dependent on the gradients of RSS measurements, but has nothing to do with their absolute values. In light of the formulation ofh 2 w , its value is mainly determined by two factors: the magnitudes of the gradients r i with i = 1, · · · , n and the angles subtended by each pair of the corresponding vectors. Therefore, an analysis shall be presented based on these two factors.
Firstly, the magnitude of the gradient r i reflects the spatial variation of (mean) RSS measurements when signals are emitted from the corresponding AP, implying that
• in general, the larger are the variations, the larger is the weighted average squared distanceh 2 w , the less is the CRLB, namely that good performance can be obtained for those positions with large gradients, and vice versa;
• if the magnitude associated with one AP is trivial, its contribution to localization can be neglected on account of the resulting trivial weight in calculatingh 2 w , such that the number of APs used in localization as well as the size of the corresponding radio map can be significantly reduced by removing those with trivial weights;
• specifically, in the most commonly adopted WiFi fingerprint-based approach, an offline site survey must be conducted to build a radio map (or a fingerprint database), which factually provides rough information about the gradients so as to evaluate (6); as a result, the efficiency of fingerprint-based localization systems can be improved to some extent (this will be elaborated in the next section). Secondly, since sin θ ij is employed in (6), it can be concluded that
• when the gradients are collinear, the denominator of (6) will equal to zero, such that the CRLB does not exist, meaning that the localization performance is severely degraded in this case;
• on the contrary, the CRLB can be minimized provided that two APs are used and their gradients are orthogonal to each other. Thirdly, (7), (8) and (9) reveal thath i is averaged over n and h w is the weighted average value ofh i with i = 1, 2, · · · , n, implying thath w is nearly independent of n especially when n is sufficiently large. Hence, supposing thath w keeps constant when n is above a threshold, say N th , it follows from (6) that continuously increasing n above N th can reduce the CRLB by only less than 100/(N th + 1) percents, indicating that having more than N th APs hardly contributes to localization accuracy.
In summary, considering the difficulties in predicting indoor propagations of WiFi signals due to multipath effects, it is hard or even impossible to exactly determine the gradients of mean RSS measurements, so that optimizing WiFi localization performance by using (6), though is attractive, turns out to be challenging.
IV. THE AP SELECTION ALGORITHM
In this section, we propose to select critical APs for localization based on (6).
A. RSS GRADIENT APPROXIMATIONS
Prior to calculating the gradients r i with i = 1, · · · , n, one must have the formulation of the vector function m(x), which is hard and even impossible due to the following two aspects. Firstly, from the perspective of statistics, the accurate formulation of the mean functions associated with a set of unknown random variables can only be asymptotically approached by their sample means. Secondly, the RSS measurements available for further processing are just collected at a certain number of spatially discrete reference points, which cannot produce accurate gradients. As such, the conditions for precisely calculating the gradients cannot be satisfied.
To address this issue, bivariate polynomial regression is adopted to generate an approximate vector function of m(x) by making use of the average RSS measurements around any given reference point. Specifically, given any reference point and an arbitrary AP, define a (second-order) bivariate polynomial function, e.g. f (x) = x T Ax + b T x + c. By using the average RSS measurements at nearby reference points, f (x) can be fitted, and further, its first derivatives with respect to the given reference point can be used to approximate the requested gradients at this reference point from the given AP.
B. IMPORTANCE EVALUATION OF DIFFERENT APs
It follows from (6) that: 1) APs have different influences on localization performance; 2) with the number of APs increasing beyond a certain threshold, localization performance does not significantly improve, which motivates us to select a set of critical APs for use in localization. As a result, the performance in both the offline and online phases of WiFi fingerprint-based localization can be improved.
It is intuitive that the importance relationship between two APs AP i and AP j in terms of localization is defined as follows: AP i is more important than AP j with respect to a set of APs, denoted , if and only if the CRLB in (6) produced by AP i is less than that produced by AP j . On these grounds, by starting from the set of two APs, which results in a minimal CRLB among all pairs of APs and is denoted by {AP 1 , AP 2 } without loss of generality, a sequence order of APs (e.g. AP 1 , AP 2 , · · · , AP n ) can then be determined, such that the CRLB produced by using AP 1 , AP 2 , · · · , AP i is less than that when replacing AP i by any of AP i+1 , · · · , AP n with i > 2.
However, in order to find such a sequence order, one must evaluate the CRLB in (6) under every possible combination of APs, so that the resulting computational complexity is O(n!). Therefore, considering the fact that more and more APs are being deployed, it is necessary to design a heuristic AP selection algorithm that is computationally efficient with only sacrificing limited localization accuracy.
C. THE HEURISTIC AP SELECTION ALGORITHM
It follows from (6) that: given one AP AP i , the larger is the magnitude of its gradient r i , the larger is its weight in determiningh w ; moreover, the larger is the distance h ij associated with another AP AP j , the larger ish i and the larger ish w . This intuitive analysis inspires us to heuristically evaluate the importance of different APs through a suboptimal two-round approach.
Specifically, in the first round, all the APs are sorted in a descending order according to the magnitudes of their gradients; in the second round, given any AP, say AP i , the other APs are sorted in a descending order according to the distances h ij with j = 1, · · · , i − 1, i + 1, · · · , n. Thus, in each round, every AP is granted a score in view of their importance, such that a final order can be determined to reflect the importance of different APs. Evidently, the computational complexities of the two rounds in the heuristic algorithm will be O(n log n) and O(n 2 log n), respectively.
Additionally, in light of the aforementioned analysis, a threshold number of APs, denoted N th , should be established to restrict the number of APs that will be used for localization.
To sum up, the proposed heuristic AP selection algorithm is described in Algorithm 1. However, the heuristic algorithm can be further improved by only sorting the APs with the first m largest gradient magnitudes, such that the computational overheads of the second round is reduced to m 2 log m. Therein, m can be as large as twice N th .
V. EXPERIMENTS
In this section, extensive experiments are conducted to validate the theoretical analysis about localization errors and the performance of the proposed AP selection algorithm.
A. SETUP
In order to comprehensively investigate the performance, two typical scenarios are taken into account.
Firstly, we adopt the online available UJI dataset [27] , which was collected in three buildings on the campus of Universitat Jaume I and covered a total area of almost 110, 000 m 2 , but in order to save processing time and the space of this paper, only the dataset associated with the four-story TC building (which is also known as Building 2 in the original UJI dataset, as shown in Fig. 2 ) is used in the experiments. In the dataset, the training samples were collected at the positions with yellow circles in Fig. 2 and for each AP, say AP i , do 5: Fit a surface f ij (x) representing the RSS measurement around x j from AP i ; 6: Approximate the gradient r i at x j by the first order derivatives of f ij (x); 7: end for 8: Sort the APs according to their gradient magnitudes at x j in a descending order; 9: for each AP, say AP i , do 10: for each AP, say AP t with t = i, do Secondly, a new dataset in a small scenario, named the ULAB dataset, is collected by ourselves in our lab which has the of size 13.5 m ×5.7 m, as shown in Fig. 3 . In order to be in line with realistic localization situations, one of four smartphones (i.e. Xiaomi MI6, Redmi Note, Huawei P7, Huawei Nova) is placed on a tripod of 1.5-meter high at either a training position (the red point in Fig. 3 ) or a testing position (the blue star in Fig. 3) , and continuously scans the surrounding APs every 1 second during a period of 5 minutes. It is noticeable that the interval between any two horizontally or vertically adjacent ones among all the 65 training positions is equally 1 m, and the 28 testing positions are randomly determined. As a result, around 300 RSS sample vectors are obtained at each training or testing position. There are totally 84 different APs detected by the smartphones. However, some APs are occasionally blind to the smartphones due to interferences and transmission collisions or out of transmission ranges, so that the corresponding RSS measurements are set to be −100 dBm in the RSS sample vector. Likewise, the radio maps with different dimension sizes and different combinations of APs are built in order to complete the performance comparison.
The localization systems are realized in Matlab by employing the KNN method with k = 6 in the online localization phase, and the average localization errors are evaluated as the metric for performance comparison.
B. VALIDATION OF THE THEORETICAL ERROR ANALYSIS
As mentioned previously, the theoretical error analysis reveals the influences of the AP number as well as the gradients of RSS measurements. Therefore, experimental results shall be reported in regards to both aspects.
Firstly, to verify the influence of the AP number, the experiment is designed as follows: 1) d is defined to be the dimension size of the radio map and increases from 2 to 40 with the step of 2; 2) for each value of d, 15 radio maps are built by randomly selecting d APs from all the available APs; 3) the WiFi fingerprinting-based localization algorithm is performed for each radio map, and the average localization errors with respect to different values of d in both considered scenarios are evaluated. As can be seen from Fig. 4 , the average localization errors in general decrease with the dimension size increasing in both scenarios, which is consistent with the theoretical analysis about the influence of the AP number on the localization errors. Moreover, the law of diminishing returns holds between the localization accuracy and the dimension size of radio maps, motivating us to use a set of critical APs other than the whole set of available APs.
Secondly, to verify the influence of RSS gradients, the experiment is conducted as follows:
1) the dimension size d is set to be 6; 2) the Euclidean norms of gradients associated with each AP are averaged over the training positions in each floor of the TC building and our lab, respectively; 3) the APs in each floor of the TC building and our lab are sorted in a descending order according to the average Euclidean norms of gradients (termed CumulativeGradient-Test) and the maximum Euclidean norms of gradients (termed Single-Gradient-Test), respectively; 4) radio maps are built through a sliding window scheme with the window size of w, namely that the window is moving from the beginning of the sorted AP sequence with the step size of w and the APs in the current window is selected for building a radio map; 5) the WiFi fingerprint-based localization algorithm is performed with regards to each radio map, and the average localization errors are evaluated. As can be seen from sliding window, reflecting that the localization performance does deteriorate with the norms of gradients decreasing, which is certainly consistent with the theoretical analysis; moreover, when the sliding window moves after some indices, namely that the norms of gradients are sufficiently small, the localization performance keeps almost unchanged, indicating that the APs within the corresponding window have little influence on localization. It is noticeable that the above results hold for both of the sorting strategies. This observation essentially paves the way for the proposed AP selection algorithm that simply takes into account the norms of gradients.
However, the curves in Fig. 5 and Fig 6 fluctuate in local areas, which is contributable to the fact that the localization errors in (5) are also affected by the subtended angles by the gradients associated with different APs.
C. VALIDATION OF THE AP SELECTION ALGORITHM
Firstly, three bivariate polynomial functions with different orders are used to produce approximate gradients respectively. The resulting average localization errors with the dimension size rising from 2 to 40 are plotted in Fig. 7 . As can be seen, the second-order fitting function performs best among all the three cases, in the sense that the overall average localization errors are not only small but also stable. It follows that the first-order fitting function is ill-suited and the third-order fitting function overfitting, so that in the following experiments the second-order fitting function is adopted.
Secondly, in order to confirm the superiority of the proposed heuristic AP selection algorithm, several existing AP selection algorithms, including MaxMean and Infogain, and dimension reduction approaches, including PCA [23] and PCA-MLE [31] , are realized for comparison. The average localization errors with respect to the four floors are plotted in Fig. 8 , and the average localization errors with the dimension size rising from 2 to 40 in the two considered scenarios are plotted in Fig. 9 .
It can be seen that the proposed algorithm significantly outperforms the Infogain, PCA and PCA-MLE methods, and is comparable to MaxMean when the dimension size is small, but achieves better performance with the dimension size rising up. Moreover, only the average localization errors of Infogain and the proposed algorithm appear to reduce with the dimension size increasing in most cases, whereas those of the other algorithms incur evident fluctuations. That is to say, the proposed algorithm is robust in comparison with its counterparts.
In particular, the proposed algorithm results in obvious drops in average localization errors when the dimension size rises from 2 to 10, and provides stable performance when the dimension size rises up; moreover, provided that original high-dimensional radio maps are used, the average localization error is 10.70 m in the first scenario, which can be achieved by the proposed algorithm with the dimension size above 35, and, is 1.95 m in the second scenario, which can be achieved by the proposed algorithm with the dimension size above 9. That is to say, the number of critical APs is quite small in comparison with the total AP number.
To sum up, the experiments confirm the theoretical error analysis and show that the gradients associated with APs are dominant in determining the localization performance; the proposed heuristic algorithm relying on the gradients is verified to efficiently reduce the dimension size and meanwhile substantially improve the localization performance.
VI. CONCLUSIONS
In this paper, a theoretical error analysis was reported for WiFi based localization, revealing that it is unnecessary to adopt all available APs in localization because APs have dramatically different contributions to localization. Additionally, a heuristic algorithm was proposed to select critical APs for use in localization, which significantly reduces the dimension of radio maps. It was shown through both the open UJI dataset and our Ulab dataset that, two key factors (the number of APs and the norms of gradients) have significant influences on localization performance, and the proposed heuristic algorithm is able to deliver superior performance in comparison with several other popular approaches. Thus, it is promising to adopt the proposed method in existing fingerprint-based localization systems so as to reduce the redundancy of APs and improving localization accuracy as well. 
